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ABSTRACT 
The authors first determine necessary and sufficient conditions in order that a 
polynomial f(r) over au arbitrary field F define, via substitution, a permutation of 
F,, the n X n matrices over F. This generalizes a result known previously for the 
finite fields GF( 9). They then show for several of the familiar infinite fields that there 
are no polynomials f(x) E F[ x], except the linear polynomials f(x) = ax + b, which 
permute F, for n > 2. This lack of examples of nonlinear permutation polynomials for 
infinite fields leads them to consider the infinite algebraic extensions of GF(q), and 
for these infinite fields, they are able to provide several classes of examples. Moreover, 
for an arbitrary algebraic extension F of GF(q), except the algebraic closure itself, 
they prove the existence nonlinear permutation polynomials on F, for every positive 
integer n. 
1. INTRODUCTION 
Let F denote an arbitrary field, let F[x] denote the algebra of polynomi- 
als over F, and let A denote an algebra with identity 1 over F. Each 
f(x) = a, + a,x + . . . + a,xm E F [ X] defines, via substitution, a function 
from A to A, i.e., a -+ a,1 + ala + * * . + a,,$“. A function f: A + A which 
can be represented, under substitution, by means of some polynomial f(x) E 
F[ x] is called a scalar polynomial fin&ion on A, and we then say that “f(x) 
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represents f.” Here, the word “scalar” is used to indicate that the coefficients 
of f(x) lie in the scalar field F of A; however, since all polynomials in this 
paper will be in F [ x], we drop the adjective “scalar.” If the function defined 
by a polynomial f(x) is a permutation of A (one-toone and onto), we call 
f(x) a permutation polynomial on A. 
For an arbitrary algebra A over F, it is clear that the linear polynomials, 
f(x) = ax + b, a z 0, are permutation polynomials on A. As we shall see, for 
some algebras these are the only permutation polynomials, while for other 
algebras there exist nonlinear permutation polynomials, in which case we say 
that “A possesses nonlinear permutation polynomials.” 
Permutation polynomials on finite fields (viewed as algebras over any of 
their subfields) have received considerable attention in the literature; e.g, the 
book [6] devotes an entire chapter to such polynomials and gives an extensive 
bibliography of the subject. It is obvious using Lagrange interpolation that 
the finite fields possess nonlinear permutation polynomials; indeed, if F is a 
finite field, then every f: F + F is representable by a polynomial f(x) E F [ x]. 
For such finite fields, however, no “nice” necessary and sufficient conditions, 
in terms of the coefficients of a general f(x) E F [ x], are known for determin- 
ing when f(x) is a permutation polynomial on F. Consequently, studies have 
generally involved determining classes of permutation polynomials of various 
special forms. 
In [4], a study was made of the scalar polynomial functions acting on the 
algebra F,, of n X n matrices over a finite field F = GF(o), and among other 
things necessary and sufficient conditions were given on a polynomial in 
order that it be a permutation polynomial on F,. These conditions, of course, 
were not in terms of the coefficients, but they did reduce the problem from a 
matrix-theoretic problem to one of checking certain finite-field conditions. 
A priori, for n >, 2, it was not at all clear that F,, possessed any nonlinear 
permutation polynomials; however, using the finite-field conditions, such 
polynomials were shown to exist for arbitrary q and n, and a number of 
examples were given. In a later paper [l], still for finite fields, the number of 
permutation functions f: F, + F, representable by polynomials f(x) E F[ x] 
was determined, and in [2] some of the results of [4] were extended to include 
polynomials acting on matrices over an arbitrary finite commutative ring with 
identity. In each of these papers strong use was made of the finiteness of the 
algebraic system under consideration. 
Little is known concerning permutation polynomials on algebras over 
infinite fields; indeed, it is an unsolved and apparently difficult problem to 
characterize those fields F which even possess nonlinear permutation poly- 
nomials. This paper represents a start toward developing a theory for the 
infinite-field case. 
In Section 2 we extend the principal result of [4] to an arbitrary field F, 
and we give a new necessary and sufficient condition in order that f(x) E F[ x] 
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be a permutation polynomial on F,,. Just as in [4], the question of whether 
f(x) is a permutation polynomial on F,, is reduced to a question concerning 
f(x) acting on the scalar field F and certain of its extensions. Presumably, 
this reduction affords an easier means of determining permutation polynomi- 
als on F,,. In Section 2 we begin a search for examples of infinite fields F for 
which there exist nonlinear polynomials permuting F,,, n z 2. Again, it is not 
clear, a priori, that such examples exist; indeed, the purpose of Section 3 is to 
show that examples do not exist for many of the familiar infinite fields, and in 
doing so we incidentally characterize the permutation polynomials on the 
algebraically closed fields of characteristic 0 and prime p. Our lack of 
examples in the familiar situations leads us to consider in Section 4 the 
infinite algebraic extensions of GF(q). By generalizing some of the known 
finite-field theorems concerning q-polynomials and Dickson polynomials to 
these infinite fields, we are able to show how to construct numerous examples 
of the type we seek. In particular, for an arbitrary infinite algebraic extension 
F of GF(q), except for the case where F is the algebraic closure of GF((I), 
we are able to prove the existence of nonlinear permutation polynomials on 
F, for every positive integer n > 1. 
While our study proves the existence infinite fields F for which the 
matrix algebra F,, n > 2, possesses nonlinear permutation polynomials, we 
have not, at this writing, been able to prove that any other infinite fields, 
except for the infinite algebraic extensions of finite fields, have this property. 
2. CHARACTERIZATIONS OF PERMUTATION POLYNOMIALS 
ON F,, 
We now turn our attention to the algebra F, of n X n matrices over an 
arbitrary field. Since the case of finite F has previously been examined, we 
shall generally consider F as infinite; however, the derivations and results of 
this section are valid for arbitrary F and, for finite F, give alternative 
derivations to those found in [4]. We start with the following elementary 
lemma. 
LEMMA 1. Let F be an infinite field, let f(x) E F[x] be a permutation 
polynomial on F,, and let B, C E F,,. Then B commutes with C if and only if 
f(B) commutes with C. 
Proof. If B commutes with C, then clearly f(B) commutes with C; thus, 
assume that f(B) commutes with C. Since F is infinite, there exists X E F 
such that P = AZ + C is invertible, where I E F, is the identity matrix. Now 
P commutes with f(B); hence, f(B) = P-‘f(B)P = f(P-‘BP). Since f is 
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one-to-one, we may write B = P-‘BP, which implies that B commutes 
with C. n 
Our first characterization of matrix permutation polynomials is 
THEOREM 2. A polynomial f(x) E F[x] is a permutation polynomial on 
F,, iff it is a pmnutation polynomial on the quotient algebra F [ xl/( g( x)) for 
all g(x) E F[x] with 1~ degg(x) < n. 
Proof. First suppose that f(x) is a permutation polynomial on F,,, and 
let g(x) E F [x] be an arbitrary polynomial with 1~ deg g(x) = m Q n, which 
without loss of generality we assume to be manic. Further, let C be the 
companion matrix of g(x), and let F [C] be the subalgebra of F,,, generated 
by the set { C, Z }. Because the correspondence CaiCi - Caixi + (g( x)) is an 
isomorphism between F [C] and F [x]/(g( x)) which preserves the action of 
f, it is sufficient to show that f(x) is a permutation polynomial on F [Cl. 
Clearly f(x) maps F [C] to F [ C]. Moreover, since f(x) is a permutation 
polynomial on F,,, for 1~ m < n (see [4, p. 201]), it is one-to-one when acting 
on the subalgebra F [C] of F,. We must show that f maps F [C] onto F [Cl. 
If F is finite, this follows from the one-to-oneness; hence, assume F is infinite 
and let M be an arbitrary matrix in F[ C]. Since f(x) is a permutation 
polynomial on F,,,, there is a B E F, such that f(B) = M. Now M commutes 
with C as M is a polynomial in C; thus, from Lemma 1, Z? commutes with C 
and consequently B E F[C], as C is nonderogatory. 
Conversely, assume f(x) is a permutation polynomial on F[x]/(g(x)) for 
all g(x) with 1~ degg(x)< n. We wish to prove f(x) is a permutation 
polynomial on F,, First, suppose f(A) = f(B) for A, B E F,. Put C = f(A) = 
f(B),sothat c~F[A]nF[B]and F[C]cF[A]nF[B].Fromtheprevious 
two paragraphs, we know that f(x) is a permutation polynomial on each of 
F[A], F[B], and F[C]. Thus, there is a DE F[C] such that f(D) = C = 
f(A). But D E F [ A], and since f(x) is a permutation polynomial on F [ A] 
we have D = A. Likewise, D = B, so A = B, showing f(x) is one-to-on on F,,. 
In order to establish that f(x) is onto, let G E F,,. Then there is an invertible 
P E F,, such that P-‘GP = diag(C,, Cs,. . . , C,) where the C,‘s are the com- 
panion matrices of the invariant polynomials gi( x) of G. Since 1~ deg gi( x) 
6 n, it follows that f(x) is a permutation polynomial on each F [ xl/( g i( x)) 
and hence on F[C,]. Thus, there is polynomial ri(x) such that f( l;,(C,)) = Ci. 
Put Hi = ri(Ci), and define H by H= Pdiag(H,,..., H,)P-‘. Then f(H)= 
Pf(aag(H,, . . , , H,))P-’ = Pdiag(C,, . . . , C,) P- ’ = G, showing that f(x) is 
onto F,,. n 
Our next theorem establishes a connection between permutation poly- 
nomials and irreducibles. 
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THEOREM 3. Letn>l bean integer, and Zetf(x)~F[x]. Thenf(x) is 
a permutation polynomial on F[x]/(g(x)) fi all g(x) E F[ x] with 1~ 
degg(x) < n @ 
(i) f(x) is u permutation polynomial on F [ xl/( p(x)) for all irreducibles 
p(x) E F[x] with 1~ deg p(x) Q n, and 
(ii) the uZgebruic derivative f’(x) does not vanish on F [ xl/( p( x)) for all 
irreducibles p(x) E F[x] with 1~ deg p(x) < n/2. 
Proof. Suppose first that f(x) is a permutation polynomial on 
F[ x]/(g(x)) for all g(x) of the specified degree. Then trivially (i) is valid. In 
order to prove (ii) we assume n > 2; otherwise, there is nothing to prove. Let 
p(x) be irreducible of degree < n/2. By hypothesis f(x) is a permutation 
polynomial on F[ x]/(p’(x)), since deg p2(x) < n. Now each element of 
F[x]/(p2(x)) is represented uniquely by a polynomial having the form 
u,(x)+ ul(x)p(x), where degu,(x) < degp(x) for each i = 0,l (Here we 
have assigned the zero polynomial the degree - co.) Moreover, for f(x) 
acting on F [ xl/( p2( x)), it is readily seen that 
f(%J(x)+ 44PW) =fboW)+ u,(x)P(xM’Mx)) [mod PWI- 
0) 
It follows that f’(uc(x)) f 0 [mod p(x)] for every u,(x) with deg u,(x) < 
degp(x); i.e., f’(x) is nonzero on F[x]/(p(x)). 
Conversely, suppose both (i) and (ii) are valid. We first show that f(r) is 
a permutation polynomial on F[x]/( pk(x)), where p(x) is an arbitrary 
irreducible with 1~ deg p(x) = m < n and where k is any integer such that 
1~ k < n/m. The proof is by induction on k. If k = 1, the proof is complete 
by hypothesis (i); thus, assume that 2 < k Q mk < n, and that the result is 
true for 1,2,..., k - 1. In order to establish that f(x) is one-to-one on 
F[x]/(pk(x)), note that each member of F[x]/(pk(x)) may be represented 
uniquely by a polynomial u(x) of the form 
U(X)=&J(x)+a,(x)p(x)+ “’ +ak_l(x)pk-l(x), (2) 
where deguf(x) < m for each i. Put ui(1c) = uk_i(x) and us(x) = u(x) - 
ul(x)pk-l(x). Th en u(x) = t+,(x)+ asps-’ and 
Now suppose f(u(x)) = f(u(x)) [mod pk(x)], where u(x) = b,,(x) + 
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bltx)Ptx) + * . . + bk-l(X)P k-‘(~) = us(x) + ui(r)pk-‘(x) with pi = 
b&i(x). It follows from (3) that f(u,(x)) = f(2),,(x)) [mod pk-‘(x)]; hence, 
ue(x) = Q(X) [mod pk-l(x)], as f(x) is one-to-one on F[x]/(pk-l(x)), and 
consequently that ua( x) = ua( x) because of the uniqueness of representation 
in the form (2). Since f(u(r))=f(u(x)) [mod #(x)1, we obtain using (3) 
that ~,(x)f’(~e(x)) = u,(x)f’(v,(x)) [mod p(x)]; therefore, ui(x) = ni(x) 
(mod p(x)), as f’(ua(x)) = f’(~c(r)) $0 [mod p(x)] from (ii). This com- 
pletes the one-to-one part. 
To show that f(x) is onto, let u(x) = V,(X)+ ui(x)pk~‘(x) denote an 
arbitrary member of F [ xl/( pk( x)) written in the unique representative form 
(2). By the induction assumption there is a us(x) such that f( us(x)) = oa( x) 
[mod pk-l(x)]; i.e., f(ue(x)) = v,(x)+ r(x)pk-‘(x) for some r(x). Put u(x) 
= us(x)+ lips-l(x), h w ere ui(x) is to be determined. From (3) we have 
f(u(x)) = u,(x)+[r(x)+ ul(~)f’(uo(x))]pk-l(x), and since ~‘(u~(x)) Z 0 
(mod p(x)), we may select ui(x) so that r(x)+ u,(x)f’(~,(x)) = ui(x) 
[mod p(x)], completing the proof. n 
Since a finite extension field E of F is a simple extension iff E is 
isomorphic to F[r]/(p(x)) for some irreducible p(x) E F[x], we may sum- 
marize our results as follows. 
THEOREM 4. Let f(x) E F[x], F a field. Then the following are equiu- 
alent for an arbitrary integer n > 1: 
(i) f(x) is a permutation polynomial on F,,. 
(ii) f(x) is a permutation polynomial on F[x]/(g(x)) for every g(r) in 
F[x] with 1~ degg(x) < n. 
(iii) f(x) is a permutation polynomial on all simple extensions E of F 
such that 1~ [E: F] d n, and f’(x) d oes not vanish on any simple extension 
EofFwith l<[E:F]<n/2. 
It is the equivalence of (i) and (iii) for finite fields which is proved in [4]. 
For every field F and every n >, 1, the linear polynomials f(x) = ax + b, 
a # 0, are permutation polynomials on F,, and thus give us a class of 
examples satisfying the conditions of Theorem 4. Our interest is in finding 
nonlinear permutation polynomials on F,. For finite fields all such permuta- 
tion polynomials are described in [l]; hence, for the remainder of the paper 
we restrict our attention to the case of an infinite field. Since the linear 
polynomials are the only polynomials which are permutation polynomials on 
F, for every n (a result proved in [4] which is an easy consequence of 
Theorem 4), examples of nonlinear permutation polynomials necessarily 
depend on the matrix size n and of course on the field F. 
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3. SOME FIELDS WITHOUT NONLINEAR MATRIX PERMUTATION 
POLYNOMIALS 
Since f(x) is a permutation polynomial on F, iff f(x) is a permutation 
polynomial on F, for all m < n, it is natural to first seek nonlinear permuta- 
tion polynomials on F, = F. A characterization of the fields possessing such 
nonlinear permutation polynomials would be quite nice, but it is apparently a 
difficult problem. Short of such a characterization, we now give some special 
results for the n = 1 case which show that examples of nonlinear matrix 
permutation polynomials over infinite fields are not particularly easy to 
obtain. For the rational field Q we have the following result. 
THEOREM 5. The only f(x) E Q[x] which define permutations of Q are 
the linear polynomials f(x) = ax + b, a # 0. 
Proof. Suppose that f(x) = a,xm + . . . + alx + a,, a, > 0, m > 1, is a 
permutation polynomial on Q. Since ri f(x) + r, is also a permutation poly- 
nomial for all ri # 0, ra E Q, we may without loss of generality assume that 
the a i’s are integers and a, = 0. Now the equation anlxm + . . . + a,x = p 
has a rational solution for all rational primes p. Since the only rational 
solutions of this equation are of the form f l/d, k p/d where d is a divisor 
of a,, there is some fixed divisor d of a, for which either + p/d or - p/d 
is a solution for infinity many primes p, say + p/d. It follows that infinitely 
many primes p satisfy the equation a ,( p/d )” + . . . + a I( p/d) = p, or 
equivalently, ampm + . . . + a,d m- ‘p = pd m. But this implies the equation 
amym + . . . + aldm-’ y = yd m has infinitely many solutions, a contradiction 
unless m = 1. n 
COROLLARY. For each n 2 1, the only polynomials f(x) E Q[x] which 
are permutations on Q, are the linear polynomials. 
Another field which has no nonlinear permutation polynomials is the field 
of complex numbers [4]. More generally, we may prove 
THEOREM 6. An algebraically closed field F of characteristic 0 possesses 
m permutation polynomials except the degree-l polynomials. 
Proof. Suppose to the contrary that f(x) is a permutation polynomial on 
F where deg f(x) = m > 2. Since f(x) completely factors over F and since 
f(x) = 0 cannot have two distinct roots, it follows that f(x) = a(x - r)m. 
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Consequently, g(x) = x”’ - b = a- ‘f(x + r) - b is a permutation polynomial 
on F for every b. But for b # 0, clearly, gcd(g(x), g’(x)) = 1; hence, it 
follows that g(r) = rm - b has m distinct roots, which is a contradiction. w 
It is interesting that neither of the fields at the ends of the tower 
Q G R c C possesses nonlinear permutation polynomials, while the one in the 
middle does [e.g., f(x) = x3]. However, for n > 2, none of the 2 ~2 matrix 
algebras over these fields possesses a nonlinear permutation polynomial. (The 
fact that no nonlinear polynomial in R[ x] can permute R n (n > 2) is proved 
in [4], but it also follows from Theorem 4 and the facts that [C : R] = 2 and C 
has no nonlinear permutation polynomials.) Thus, we have yet to provide an 
example of an infinite field F for which F,, possesses nonlinear permutation 
polynomials, n 2 2. Another place to look for such examples is among the 
infinite fields of characteristic p # 0. For algebraically closed fields we have 
the following easy result. 
THEOREM 7. Let F be an algebraically closed field of characteristic 
p # 0. Then f(x) E F [ x] is a permutation polynomial on F iff 
f(x) = axp’+ b 
for some a f 0 and integer t 2 0. 
Proof. First consider f(x) = axg + b, where a # 0. Since F is algebra- 
ically closed, f(x) = c has a root for every c E F; i.e., f(x) is onto. If 
f(a) = f(p) for (Y, /3 E F, then (YP’= /3P*, or (cx - /?)P’= 0, showing that (Y = j3; 
i.e., f(x) is one-to-one. 
Conversely, suppose that f(x) is a permutation polynomial on F. Since 
f(x)= 0 has a single root r in F, we have that f(x) = a(r - T)“‘, where 
m = deg f(x). Putting m = ptd where gcd(p, d) = 1, it readily follows that 
g(x) = rd is a permutation polynomial (since rdp’ and rp’ are permutation 
polynomials). Now gcd(xd - 1, dxd-‘) = 1, so that xd - 1 = 0 is a permuta- 
tion polynomial without multiple roots; i.e., d = 1 and f(x) = a(x - r)P’= 
arp’+ b, where b = - rp’. W 
Since the derivative of (4) is f'(x) = 0, we immediately obtain from 
Theorem 4 the following corollary. 
COROLLARY. For an algebraically closed field F of characteristic p # 0, 
there is no nonlinear polynomial f(x) E F [x] permuting F, for n >, 2. 
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While some further results for the n = 1 case could be given, we shall not 
do it here, as our main emphasis is on finding nonlinear polynomials 
permuting matrices of size n >, 2. 
4. MATRIX PERMUTATION POLYNOMIALS ON ALGEBRAIC 
EXTENSIONS OF GF(9) 
In order to provide examples of the type we seek, we shall consider the 
infinite algebraic extensions of GF(9). We briefly recall the structure of such 
extensions [8]. Our notation is taken from [3]. 
An extended positive integer is a symbol of the form 
N=E(xl,x2,...)=p;‘p;*- = iij P?* 
where pi isthe ithprime(p,=2, p,=3,... ) and xi is either a nonnegative 
integer or co; i.e., xi E { 0, 1,2,. . . } U { 00 }. By means of the fundamental 
theorem of arithmetic, the ordinary integers may be viewed as a subset of the 
set of extended positive integers. If N=E(x,,x,,...) and M=E(y,,y,,...) 
are two extended positive integers, then we define the product NM as 
E(Y,+~,,Y~+Q,... ) where the usual convention x + m = co is assumed. 
Further, we say that N divides M, written N I M, iff xi < yi for all i, and in 
this case we define M/N to be E(y, - x1, 1~1; - x2,. . .), where by definition 
co - co = 0 and co - z = co for finite 1~. 
Let P denote the algebraic closure of GF(9). Corresponding to each 
extended positive integer N, let GF(qN) denote the subfield of I’ defined by 
GF(qN) = u GF(4’), (6) 
?llN 
where the union is over all ordinary integer divisors n of N. (Clearly, this 
notation is consistent with standard finite field notation.) It is known [8] that 
the correspondence N * GF(qN) is a one-one correspondence between the 
extended positive integers and the subfields of l? containing GF(9); more- 
over, N I M iff GF( 9N) is a subfield of GF(q”), in which case the dimension 
of GF(q”) over GF(clN) is M/N. Thus, for example, if F is an arbitrary 
subfield of I’ with GF(9) c F c r, then F = GF(qN) for some unique N. In 
particular, if F = r, then N = 2*3”5”7”. . . . We shall use w to denote this 
‘last’ extended positive integer; i.e., P = GF(9”). 
Our first examples of nonlinear matrix permutation polynomials come 
from the so-called 9-poZynotniuZ.s over GF(9), which by definition are poly- 
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nomials of the form 
L(x) = Ca,xQ’, a, E GF(q). (7) 
Associated with the q-polynomial (7) is the ordinary polynomial Z(x) = ZI i~ ‘. 
Following [6], we shall call Z(x) the conventional q-associate of L(x), and 
L(x) the linearized q-associate of Z(X). It is known [7] that the q-polynomial 
(7) is a permutation polynomial on GF(q”) iff its conventional q-associate 
Z(x) is satisfied by no nth root of unity; i.e., (I(r), x” - 1) = 1. A slight 
variation of this result is as follows: 
THEOREM 8. Let L(x) be a q-polynomial over GF(q), and let its 
conventional q-associate have factorization (in GF[ q, x]) 
z(x)=p,(x)“P,(x)tZ~~~ P,(X)“, (8) 
where pi(x) is an irreducible of exponent e,. Then L(x) is a permutation 
polynomial on GF(q”) iff ei does not divide n for i = 1,2,. . . , s. 
Proof. An irreducible has exponent e iff its roots have multiplicative 
order e; thus, Z(x) has no root which is an nth root of unity iff e, t n for al i. 
n 
Since a polynomial f(x) E GF[ q, x] is a permutation polynomial on 
GF( qN) (N an extended positive integer) iff f(x) is a permutation poly- 
nomial on GF(qd) for all d I N, we have the following generalization of 
Theorem 8. 
THEOREM 9. Let N be an extended positive integer, and let L(x) be a 
q-polynomial over GF(q) whose conventional q-associate Z(r) has the fac- 
torization (8) with the irreducible factors pi(x) belonging to exponents ei. 
Then L(x) is a permutation polynomial on GF( q N, iff e, t N for i = 1,2,. . . , s. 
We can now characterize those q-polynomials over GF(q) which are 
permutation polynomials on the m X m matrices over GF(qN). 
THEOREM 10. Let N be an extended positive integer, and let L(x) be a 
q-polynomial over GF(q) whose conventional q-associate has irreducible 
factors pi(x) belonging to exponents ei. Then L(r) is a permutation poly- 
nomial on GF(qN), iff (i) rwne of the exponents e, divide any of the 
extended positive integers N, 2N,. . . , mN and (ii) cxa + 0. 
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Proof From Theorem 4, L(x) is a permutation polynomial on GF( sN), 
iff L(x) is a permutation polynomial on all simple extensions E of F = GF( 9N) 
with 1~ [E : F] < m and L’(x) does not vanish on any such extensions with 
1~ [E : F] < m/2. Since L’(x) = cy,, the second of these conditions is true iff 
(~a # 0; hence, we need only consider the first condition. If E is an extension 
of F = GF( 9N) with 16 [E : F] Q m, then E is an algebraic extension of F 
and hence is of the form E = GF(q”) for some M with N I M. For such an E 
we know that [E: F] = [GF(9”):GF(9N)] = M/N. Thus if [E: F] = i where 
1~ i < m, then M/N = i or M = iN. It follows that L(r) is a permutation 
polynomial on GF(qN), iff L(x) is a permutation polynomial on GF(qiN), 
i =1,2,..., m. But this holds iff e, t iN, i = 1,2,. . . , m, and the proof is 
complete. n 
REMARK. It is quite possible that for some i, 1< i < m, there is no 
extension E of F = GF(qN) such that [E: F] = i. For example, if N = 2” 
and m = 2, then there is no extension E of F such that [E: F] = 2. In this 
case Theorem 10 simply requires that (~a # 0 and that no ei divide N = 2” 
(since 2N = N = 2m). 
Theorem 10 can now be used to construct numerous examples of infinite 
fields and q-polynomials of degree > 1 which for various n > 2 permute the 
n x rt matrices over these fields. 
EXAMPLE. Let 9=3 and N=5”, and consider the polynomial Z(x) = 
x 2 + 1, which is irreducible over GF(3) and has exponent e = 4. Since 4 t 5”, 
4 + 2 x 5”, and 4 -t 3 x 5”, and since e0 = 1+ 0, it follows that the linearized 
3associate L(x) = x9 + x of Z(r) is a permutation polynomial on GF(3N), 
for m < 3. However, since 4 14X5”, L(x) is not a permutation polynomial 
on GF(3N),. 
For a given extended positive integer N and ordinary integer m, our next 
theorem gives conditions for the existence of a nonlinear q-polynomial which 
permutes the m X m matrices over GF(qN). 
THEOREM 11. Let N be an extended positive integer as given in (5) let 
m > 1 be an ordinary integer, and let 9 = p’. Then there exists a q-polynomial 
over GF(9) of degree > 1 which is a permutation polynomial on GF(qN), 
iff there is a prime pi z p such that xi < 00. 
Proof. It suffices to show that there exists an irreducible p(x) z x with 
exponent e such that e I iN for i = 1,2,. . . , m, in which case P(r), the 
linearized q-associate of p(x), will be a permutation polynomial on GF( 9 “‘)“,. 
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Therefore, let pi # p denote a prime in the factorization of N such that 
xj < co. Select a positive integer t large enough so that pf does not divide i 
for i = 1,2,..., m, and put h = xi + t. Since (pi, q) = 1, there exists an 
irreducible p(x) with exponent e = pf. Clearly e t iN for i = 1,2,. . . , m, and 
because p(x) divides re - 1, it is clear that p(x) z X; hence, the constant 
term of p(x) is nonzero. We conclude from Theorem 10 that the linearized 
q-associate P( r ) of p(x) is a permutation polynomial on GF( 9N),. n 
The next corollary is immediate and allows us to construct examples of 
nonlinear q-polynomials with coefficients outside GF(9) which are permuta- 
tion polynomials on GF(qN),. 
COROLLARY. Zf the g-polynomial L(x) is a permutation polynomial on 
GF(qN),, then the polynomials aL(r)+j3, a,fi EGF(~~), a# 0, and all 
compositions of such polynomials are permutation polynomials on GF(qN),,. 
We can now quite easily construct examples of matrix permutation 
polynomials which are “nonlinear” in the sense that they have degree > 1; 
however, all of these are polynomials are “linear” in the sense that they 
define either linear or affine transformations on GF(qN) over GF(9). It is of 
interest to find examples which are not linear in either of these senses. We 
thus consider the so-called Dickson polynomials, which will provide us with 
such examples. 
A Dickson polynomial over GF(9”) is a polynomial of the form 
( _ a)iXk-2i, (9) 
where a E GF( 9”), a Z 0, and [k/2] denotes the greatest integer in k/2. 
Dickson [5] has shown that such a polynomial determines a permutation of 
GF(9”) iff (k, 9’” - 1) = 1. It is interesting that this condition is independent 
of the choice of nonzero a. 
In order to extend this result to GF( 9N) first note that (i) if g,(x, a) is a 
permutation polynomial on GF( 9”), then so is gd( x, a) for all divisors d of k, 
and (ii) if g,(x, a) and gS(x, a) both permute GF(q”), then so does g,,(x, a); 
hence, in order to determine all k such that g,(x, a) is a permutation of 
GF(9”) one need only find those primes p for which g&x, a) permutes 
GF(9”). Moreover, if p is the characteristic of GF(q), then gP(x, a) is clearly 
a permutation of GF( 9”). Consequently, we may state Dickson’s result in a 
convenient form as follows: The Dickson polynomial g,(x, a) is a permuta- 
tion of GF(9”) iff for every prime divisor p of k with p t 9 the multiplicative 
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order of q module k does not divide 2n. 
extends directly to the fields GF(qN). 
It is this form of the result which 
THEOREM 12. Let N be an extended positive integer, let a be a rwnzero 
in GF(qN), and let k be a prime. Zf k I q, then g,(x, a) is a permutation 
polynomial on GF(qN), and if k t q, then g,(x, a) is a permutation poly- 
nomial on GF(q N, iff ord,(q) I 2N, where ord,( q) denotes the multiplica- 
tive order of q mod& k. 
Proof. Let g,(x, a) be a Dickson polynomial over GF(q N), a f 0, and 
let GF(qt) denote the smallest finite extension of GF(q) containing a. Since 
t divides N and since (because of (6)) g,(x, a) is a permutation on GF( qN) 
iff g,(x, a) is a permutation on GF(qd) for all finite d satisfying t I d I N, the 
result is immediate. n 
In order to give similar conditions on g,(x, a) in order that it define a 
permutation polynomial on (GF( q N))m, we require the following interesting 
property of Dickson polynomials. 
LEMMA 2. Let a E GF(q”), a # 0, and let the Dickson polynomial 
g,(x, a) be a permutation polynomial of GF(q”). Then the algebraic deriva- 
tive g;(x, a) of g,(x,a) does not vanish on GF(q”) iff (k, q) = 1. 
Proof. We first suppose (k, q) = 1 and show that g;(x, a) does not 
vanish on GF(q”). If k = 1 the result is trivial; hence we assume k > 1. It is 
known [6, p. 3561 that in the field GF(q”, Y) of rational functions in an 
indeterminate y we have the identity 
i i 
ak 
g, y+:,a =yk+~. 
Y Y 
00) 
Using the chain rule to take the derivative of (10) we obtain, upon simplifica- 
tion, 
k( yzk - a”) 
yk+‘( y2 - a) ’ (11) 
It is readily argued that for each a E GF(q”) there is a nonzero y in GF(q2”) 
such that y + a/y = a; hence, it suffices to show that g;( y + a/y, a) = 0 
has no solution in GF(q2”) or equivalently, in view of (11) that the 
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(12) 
has no roots in GF( 4’“). We do this by showing that any root p E GF( q2”) 
of the numerator h(y) = y2k - a k of (12) is a simple root of h( y ) which also 
satisfies the denominator y2 - a = 0. We note that h’(y) = 2ky2kP ‘, and we 
consider the separate cases of q odd and q even. For q odd, it follows that 
from (h’(y), h(y)) = 1 that h(y) has only simple roots. Also, since g,(x, a) is 
a permutation polynomial on GF( q”), it follows that (k, q2” - 1) = 1 and 
hence that yk is a permutation polynomial on GF(q2”). Thus, if fi E GF( q2”) 
satisfies j3 2k = a k, we have that fi2 = a, and the proof is complete for q odd. 
If q is even, then (y2k - ak)/(y2 - a) can be written as 
03) 
where b is the unique element of GF(q2”) such that b2 = a. Furthermore, 
since (k, q2” - 1) = 1, the only root of yk - bk is y = b, and because yk - bk 
has derivative ky k-1, this root is simple, and the proof is complete for q even. 
Now assume that g;(x, a) does not vanish on GF(q”) and suppose to the 
contrary that (k,q)# 1. Then it follows from (11) that g;(x,a) is zero 
everywhere on GF(q”) and contradicts the fact that g;(x, a) does not vanish 
on GF(q”). n 
If gk( x, a) is a Dickson polynomial over GF( qN), N an extended positive 
integer, then g;(x, a) does not vanish on GF(qN) iff it does not vanish on 
any of its finite subfields containing the element a; hence, we immediately 
have the following 
LEMMA 3. Let N be an extended positive integer, and let the Dickson 
polynomial g,(x,a) be a permutation polynomial on GF(qN). Then g;(x,a) 
does not vanish on GF(qN) iff (k, q) = 1. 
We may now characterize those Dickson polynomials which are permuta- 
tion polynomials on the m x m matrices over GF( qN). 
THEOREM 13. Let N be an extended positive integer, let m > 0 be an 
integer, and let a be a nonzero element of GF(qN). Then the Dickson 
polynomial g,(x, a) i.s a permutation polynomial on GF(qN)m iff (k, q) = 1 
and for every prime divisor p of k, the order ord,(q) of q mod& p does not 
divide any of the extended positive integers 2iN, 1~ 1~ m. 
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Proof. From Theorem 4, the polynomial g,(r, a) is a permutation 
polynomial on GF(gN), iff gk(x, a) is a permutation polynomial on GF(qiN), 
1~ i <m, and g;(x,a) is not zero on GF(qiN), 1 <i < m/2. In view of 
Theorem 12 we know that g,(x, a) is a permutation polynomial on GF(qiN) 
for 1~ i G m iff the only prime divisors r of k, other than the characteristic 
of GF( 9), satisfy the condition ord,( 9) t 2iN for i = 1,2,. . . , m, and from 
Lemma 3, in order for such a Dickson polynomial to satisfy the condition that 
g;(x, a) does not vanish on GF(qiN), it is necessary and sufficient that 
(k, 9) = 1. n 
EXAMPLE. Put 9 = 7, N = lgm, and consider the Dickson polynomial 
g,(r, a) with k = 143 = 11 X 13 and with a an arbitrary nonzero in GF(7N). 
The order of 7 is 10 modulo 11 and 12 module 13. Since (143,19) = 1, and 
since neither 10 nor 12 divides 2 X i X 19” for i = 1,2,3,4, it follows that 
g,,,(x,u) is a permutation polynomial on GF(7N),. However, g,,,(r,u) is 
not a permutation polynomial on GF(7N),, because 10 divides 2 X 5 X 19”. 
In order to prove for arbitrary m and N # w that there exists a poly- 
nomial which is not affinely equivalent to a q-polynomial but is a permutation 
polynomial on GF( 9 N)m, arbitrary, we require the following number-theo- 
retic lemma. 
LEMMA 4. Let r and 9 denote, respectively, a prime and prime power, 
and for each integer m > 0, let S,,, = S,,,(T, 9) denote the set of prime divisors 
of 9r”‘- 1 which do not divide 9rk- 1 for 1 < k < m. Then foT infinitely 
many m the set S, is not empty. 
Proof. Put e(m) = 91m- 1 and suppose to the contrary that there is an 
integer c such that S, is empty for every m > c. Note that k < m implies 
e(k) divides e(m); thus, for m > c we have that e( m - 1) and e(m) have the 
same prime divisors. Now for arbitrary positive integers Q and d the gcd of 
Q - 1 and (Qd - l)/(Q - 1) equals the gcd of Q - 1 and d. Also, for 
Q = 91m-’ and S=T we have the identity e(m)=Q’-l=(Q-l)(Q’-’ 
+ . . . + Q + 1) = [ e(m - l)](Q’- ’ + . . . + Q + 1); thus, it follows that the 
only prime divisor of both Q - 1 and Q’- ’ + . . . + Q = 1 is the prime T. 
This means that Q’-’ + *. . + Q +1 = rt, where t = t(m) is an integer 
which depends on m. By induction we obtain for every m 2 c 
e(m) = e(c)rS, 04 
where s = s(m) is an integer depending on m. We now choose a fixed m so 
that in (14) we have s > 3, and for this m we set h = e(m) = e(c)r’. We shah 
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reach a contradiction by showing that e(m + 1) cannot have the form (14). 
Now e( m + 1) + 1 = (h + l)‘, so that 
e(m+l)=(h+l)‘-l=hr k [ _r-‘( ;)ti-1 +I] 
On examination of (15) we see that the expression in brackets is an integer 
which must have a prime factor not found in h. This contradiction completes 
the proof. n 
THEOREM 14. Let m be an arbitrary positive integer, and let N # w be 
an arbitrary extended positive integer. Then there exists a prime p + q such 
that the Dickson polynomial g&x, a) is a permutation polynomial on 
GF(qN), fir all nonzero a E GF(qN). 
Proof. Let N # w and m > 1 be arbitrary. It suffices to prove that there 
is a prime p, p t q, such that g,(x, a) is a permutation polynomial on 
GF(qiN) for i = 1,2,..., m. In the factorization (5) of N, let r be a prime 
whose exponent x satisfies x < 00, let t be a positive integer with the 
propertythat r’t2iforeachi=1,2,..., m, and put c = t + x. Lemma 4 tells 
us that there is an m > c with S,,, not empty. Let p E S,, so that ord,( q) = rm. 
Because ord,(q) t 2in for i = 1,2,..., m, we may conclude from Theorem 13 
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